Brownian motion is used to model the uncertainty in the motion of cars on a highway. The probability of collision of two adjacent cars within a fixed horizon is calculated and its implications are discussed. Moreover, the probability of collision in the presence of emergency braking is also obtained by modeling the occurrence of emergency braking as a Poisson process.
Introduction
Consider the following first order stochastic differential equation:
where f is a continuous function defined on [0, CO) and
~( t )
is white noise with power spectral density n2, i.e., These properties together with the assumption that b(t) is continuous in t imply that, after scaling by I/., b(t) is a standard Brownian Motion (BM). Although the continuous path assumption is not a logical consequence of the previous hypotheses, (2) and the Kolmogorov continuity theorem imply that b(t) has a continuous version Bt, i.e., P({w : b(t,w) = &(U)}) = 1 for all t 2 0 and {&(U) : t 2 0) is continuous in t with probability 1 (see [l] ). The continuity assumption is further justified when equation (1) 0-7803-5250-51991s 10.00 @ 1999 lEEE 3734 motion of physical objects, since in this case z(t) cannot make instantaneous jumps.
E[w(t)w(t + s ) ] = u2 d(s)
In this paper we apply the solution to equation (1) to a I-dimensional road model, in which a car (possibly in a platoon [2] ) needs to predict the motionof adjacent cars to determine a safe distance from them. The prediction is based on the assumption (belief) that adjacent cars will try to maintain their current speeds, but may not be able to do it precisely, due to factors such as road conditions, wind, mechanical malfunction, and so on.
The use of BM for modeling uncertainty in motion can be justified by the fact that BM can be thought of as the accumulation of a large number of independent small disturbances. More precisely, subdividing time into intervals of length At, assuming that the disturbances in different time intervals are independent and identically distributed (IID), and integrating, we get a random walk which, after appropriate scaling, converges in distribution to a standard BM as At + 0 (see [3] ). For example, in [4] it is verified by empirical data that the prediction error for a cruising aircraft is indeed Gaussian with a growing variance. Another important application of equation (1) to air traffic management is in fact discussed in a separate paper [5] .
It should be noted that BM possesses many unusual local properties; for example, at any time it is not differentiable with probability 1. However, here we are mainly concerned with its collective properties, i.e., the probability that the perturbed trajectory experiences a large deviation from the nominal one or, equivalently, the state x evolves outside some subset of the state space called the safe set. For the road model the safe set can be simply defined as the set of states where no part of any pair of cars occupies the same physical space at the same time. By subtracting the nominal motion Ji f(s) ds and properly scaling, we can adopt an alternative view point where the perturbed motion consists only of a standard BM, {&,t 2 0}, and the safe set is time-varying. In this new coordinate system, the problem reduces to calculating the hitting probability of the standard BM with respect to a time-varying region.
potential theory, which can be used to calculate the exit distribution of a BM with respect to certain regions (see [SI) . However, here we are more interested in the exit time distribution from a time-varying safe set.
The paper is organized in five sections. In Section 2 an expression for the probability of collision (PC) without emergency braking is obtained, and its implications on the spacing of vehicles in a platoon are briefly discussed. Then, the presence of emergency braking is considered and the notion of deterministic safe distance is introduced in Section 3. An expression for PC with emergency braking is derived in Section 4, and finally concluding remarks and directions for future work are given in Section 5. The Appendix contains some additional formulae used in the derivations. The motion of car 2 is modeled as a deterministic motion at constant velocity v2 plus a scaled BM perturbation aBt for some U > 0, whereas car 1 is assumed to be moving deterministically at constant velocity VI. Although one may argue that the motion of car l should also be stochastic, we can simply attribute the perturbation in the motion of car 1 to that of car 2 and get a combined scaled BM perturbation, provided the two perturbations are independent. Scaling Ax and AV = 212 -v l by a factor of l/u, we can further assume that the perturbation is a standard 1-D BM Bt with Var[Bt] = t. The new initial distance and velocity difference of the two cars will then become:
Ax' Axja, AV' 9 Aula.
(3)
The degree of danger of a particular situation is defined as the probability of collision within a fixed time tf (it does not make much sense to consider the danger of two cars hitting after two days). Notice that although car 1 can choose to brake once the distance Ax' becomes too small, we assume car l continues to move at its current velocity in the near future, because danger is by our definition the possibility that collision occurs within some fixed time if the current settings remain unchanged.
We can adopt the equivalent viewpoint that car 2 is at the fixed position x = Ax' and the motion of car 1 is the combination of a deterministic motion with constant velocity p = -AV' = (v1 -V~) / U and a 1-D standard BM Bt, i.e., a Brownian motion {B,",t 2 0) starting from 0 and with drift term p (B," = Bt +/.it). In this setting, a collision can be viewed as the event that { Bf , t 2 0) reaches Ax'. Hence the problem becomes calculating the probability that this event occurs within time t j . Define T k inf{t 2 0 : Bf = Ax'} to be the first time B," reaches Ax'. Lemma 1 (Bachelier-Levy, [3] ) T has probability density Ax'
Denote with A the event that a collision occurs before time t f , i.e., A {B," 2 Ax', for some t E [O,tf]}. Since A = {T _< t j } , it is not hard to get from Lemma 1 and Formula 2 in the Appendix that: Theorem 1 The probability of collision within time t j without-emergency braking, P,(Av, Ax), is: Figure 2 shows some plots of P,(Av, Ax) as a function of AZ for different values of AV, with t j = 10 s and u2 = 0.01 m2/s. Note that Pc decreases from 1 to 0 at around Ax = -A u t / . So if we specify the safe distance by requiring P, to be below some threshold, then it will be a decreasing function of AV. In addition, if a larger U is chosen, the transition of P, from 1 to 0 will be less abrupt. 
Safe distance under emergency braking
Consider the scenario in Figure 1 . 
A typical plot of the positions of two cars as functions of time during an emergency braking process is shown in Figure 5 . Assume Ax satisfies condition (4). To derive the necessary and sufficient condition so that no collision will occurl we distinguish the following cases: This condition can be shown to be equivalent to AV' + 2AzAa > 0 and AV < 0.
Summing up, we get the overall condition: If there is a delay, say 6, in the response of car 1 to the deceleration of car 2, we simply modify the previous analysis by looking at the time instant t = 6 car 1 begins braking. Assuming car 2 does not come to a stop up to time 6 (which is quite realistic), we replace For an alternative treatment, see [8] .
P C with emergency braking
In reality, the probability that the car in the lead will apply emergency braking is, although small, not zero. The frequency of emergency braking instances depends on factors such as traffic, road condition, weather, and the reliability of the cars ahead. To accommodate this into the model presented in Section 2, we make the following assumptions:
0 Car 2 will execute emergence braking according to an exponentially distributed time interval T , independently of its motion;
0 Once car 1 and car 2 decide to brake, they will keep braking at their maximal deceleration capability a1 and a2, respectively.
The choice of an exponentially distributed time to brake T is justified by its memoryless property: given the fact that car 2 has not braked so far, the distribution of the time it takes from that time instant for car 2 to brake does not change. Besides these two assumptions, everything remains the same as in the previous sections. In particular, the velocity difference and the initial distance are respectively denoted with AV = v2 -v1 and Ax. The perturbation is a scaled 1-D BM U & , attributed to the motion of car 2. For simplicity, we assume that when car 2 starts braking, car 1 brakes istantaneously (S = 0).
If car 2 brakes at time t , then car 1 is safe if and only
if Az(t) 2 dm;n(al,a2,~~(t),v2(t)). If car 2 has not braked so far, then the time T it chooses to do so satisfies P(T > t) = e-xt, where X is the rate of the ex- To make the perturbation a standard 1-D BM Bt, we again scale A x , AV and dmin by a factor of 1/u and get AX' 4 A x / u , AV' 6 A v / u , dkin dmjn/U. (6) Furthermore, we take the alternative viewpoint that car 2 is at a fixed position Ax' while the motion of car 1 is Br, the BM with drift p = -A d . So now
where C = {supool7 -Br 2 A x ' } .
The following formulae can be found in 191 without proof. For their elementary proofs, refer to [lo] . This is expected since X + CO implies that with probability nearly 1 car 2 will brake almost instantly, while the distance between the two cars by then can not differ significantly from its initial value A x . On the other hand, if X + 0, Pce will increase to 1 for any A x provided AV < 0. This is because when X is near 0, P c e is approximately P{collision ever occurs}, which is 1 for AV < 0. One simple way to get rid of this undesired "feature" is to put a lower bound on A, that is, assume that emergency braking will eventually happen. In addition we set d = 0 m, thus collision during emergency braking is ignored in the computation of Pce. It can be seen that the two curves are close when AV is small. However as AV gets larger and larger, the discrepancy between them becomes more evident.
From the above discussion, we can infer that PC given by Theorem 2 is a compromise of two extreme cases: letting X -+ CO, we get the conservative bound dmin, while letting X -+ XO for some fixed Xo, we get a bound Finally, some remarks about the choice of the power spectral density u2. Choosing different U will not alter the general shape of the curves, while larger U will in general lead to smoother decay of P,,. Empirical data allowing an estimate of the value of (r are not available yet, since real systems usually contain state feedback and are not open loop systems as assumed here. However, the necessity of having an accurate U is arguable since our main goal is to use PC as a guide in designing controllers. To this end, U can be used only as a parameter reflecting the "trust" each car has in its neighbors.
The advantage of having a closed form (and also smooth) expression for PC is that it can greatly facilitate the construction of controllers optimizing performance indices related to that expression. Furthermore, PC given in Theorem 1 and Theorem 2 can be used to determine the vehicles spacing guaranteeing a certain level of safety, in an attempt to achieve an "optimal" balance between safety and highway capacity. Work in these directions is currently underway.
Appendix
Refer to [lo] for the proofs of these formulae. 
